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Abstract
In this note we characterize integral graphs among circulant graphs. It is conjectured that there are exactly 2(n)−1 non-isomorphic
integral circulant graphs on n vertices, where (n) is the number of divisors of n.
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1. Graph spectra
Let G be a simple graph which is a graph without loop, multi-edge, and orientation. Denote A(G) the adjacency
matrix of G with respect to a given labeling of its vertices. Note that A(G) is a symmetric (0, 1)-matrix with zero
diagonal entries. Adjacency matrices with respect to different labeling are permutationally similar. The spectrum of G,
sp(G), is deﬁned as the spectrum of A(G), which is the set of all eigenvalues of A(G) including multiplicity. Since
the spectrum of a matrix is invariant under permutation similarity, sp(G) is independent of the labeling used in A(G).
Because A(G) is a real symmetric matrix, sp(G) contains real eigenvalues only. Moreover, A(G) is an integral matrix
and so its characteristic polynomial is monic and integral, hence its rational roots are integers.
2. Integral graphs
A graph is called an integral graph if it has an integral spectrum i.e. all eigenvalues are integers. Two easy examples
of integral graphs are the discrete graph on n vertices with spectrum (0, . . . , 0), and the complete graph on n vertices
with spectrum (n− 1,−1, . . . ,−1). In 1974, Harary and Schwenk [7] asked “Which graphs have integral spectra?” In
general, this question appears to be intractable. However, when we focus on a speciﬁc class of graphs, it may become
easier. For example, the only integral path graph on n vertices is when n = 2, and the only integral cycle graphs on
n vertices are when n = 3, 4, 6. Among all connected cubic graphs, there are exactly 13 integral graphs [5]. There
are inﬁnitely many integral trees since the star graph with k2 + 1 vertices is integral with spectrum (k, 0, . . . , 0,−k).
However, it is unknown whether there are integral trees with arbitrary large diameters [8]. In this note we focus on the
class of circulant graphs.
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3. Circulant graphs
A graph on n vertices is called circulant if it has a circulant adjacency matrix, which is an n × n matrix commuting
with the matrix
Z =
[
0 In−1
1 0
]
.
Circulant graphs are Cayley graphs on cyclic groups, and they are useful in telecommunication networks, and distributed
computation [1,9]. Let G be a circulant graph with its circulant adjacency matrix A(G) = [aij ] with the labeling
{0, 1, . . . , n − 1}. The set
S(G) = {k : a0,k = 1} ⊂ {1, 2, . . . , n − 1}
is called a symbol, or a circulant set, ofG. We note that S(G) is the set of neighbors of vertex 0. For examples, ifG is the
discrete graph on n vertices thenA(G) is the zero matrix, and so S(G)=∅; ifG is the complete graph on n vertices then
A(G)=J − I where J is the matrix with all entries equal to 1 and I is the identity matrix, and so S(G)={1, . . . , n−1}.
SinceA(G) is a symmetric matrix, S(G) has the property that k ∈ S(G) if and only if n−k ∈ S(G). Indeed, any subset
of {1, 2, . . . , n − 1} with such property is a symbol of a circulant graph on n vertices. However, two different symbols
may correspond to isomorphic circulant graphs. For example, when n=5, both {1, 4} and {2, 3} correspond to the cycle
graph on ﬁve vertices. Indeed, if G1 and G2 are circulant graphs with symbols S(G1) and S(G2), respectively, such
that S(G1) ≡ mS(G2)modn for some m with gcd(m, n) = 1, then G1 and G2 are isomorphic. However, the converse
is false. An example [6] is to take n = 16, S(G1) = {1, 2, 7, 9, 14, 15} and S(G2) = {2, 3, 5, 11, 13, 14}. Then there is
no m such that gcd(m, 16) = 1 and S(G1) ≡ mS(G2)mod16, but, with the relabeling
(0, 1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12, 13, 14, 15) → (0, 7, 6, 13, 12, 3, 2, 9, 8, 15, 14, 5, 4, 11, 10, 1),
it can be shown that G1 and G2 are isomorphic. Given n, how many non-isomorphic circulant graphs are there on n
vertices? For the ﬁrst few n, we have 1, 2, 2, 4, 3, 8, 4, 12, . . . but no closed formula is known. Nonetheless, from the
above discussion, there are 2n/2 distinct symbols and so at most 2n/2 non-isomorphic circulant graphs on n vertices.
A symbol S(G) of a circulant graph G does tell us a lot. For example, a circulant graph G is a regular graph with
the degree |S(G)|, the number of elements in S(G). Moreover, if S(G) = {k1, k2, . . . , km} then G is connected [3] if
and only if gcd(n, k1, k2, . . . , km) = 1. Indeed, G has gcd(n, k1, k2, . . . , km) isomorphic connected components. On
the other hand, the spectrum of G is given by [2]
sp(G) = (0(G), 1(G), . . . , n−1(G)),
where t (G) = ∑k∈S(G) (t )k with 0 tn − 1 and  = e2i/n. Note that {t : 0 tn − 1} are all (complex)
solutions of the equation xn = 1, and they are called the nth roots of unity. Therefore, integral circulant graphs can be
characterized by their symbols as follows.
Theorem 3.1. Let G be a circulant graph with a symbol S(G). Then G is integral if and only if∑k∈S(G) xk ∈ Z for
xn = 1.
In order to enumerate all integral circulant graphs, we need to ﬁnd all subsets S of {1, 2, . . . , n − 1} such that∑
k∈S xk ∈ Z for xn = 1.
4. Integral sum of roots of unity
Let n be a ﬁxed positive integer throughout this section. To avoid triviality, we assume that n2.
Lemma 4.1. If xn = 1 and n = dg for some d, g ∈ Z then∑g−1k=1 (xd)k ∈ Z.
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Proof. Note that 0 = xn − 1 = (xd)g − 1 = (xd − 1)[(xd)g−1 + · · · + (xd)2 + xd + 1]. Hence
Case 1. xd − 1 = 0.
Then xd = 1 and so∑g−1k=1 (xd)k =∑g−1k=1 1k = g − 1 ∈ Z.
Case 2. (xd)g−1 + · · · + (xd)2 + xd + 1 = 0.
Then
∑g−1
k=1 (xd)
k = (xd)g−1 + · · · + (xd)2 + xd = −1 ∈ Z. 
For a divisor d of n, denoted by d|n, deﬁne Mn(d)= {d, 2d, . . . , n− d}, which is the set of all positive multiples of
d less than n; and deﬁne Gn(d) = {k : 1kn − 1, gcd(k, n) = d}, which is the set of all integers less than n having
same greatest common divisor d with n. Note that Mn(n)=Gn(n)=∅, Mn(d)=dM(n/d)(1), and Gn(d)=dG(n/d)(1).
It is clear that the collection {Gn(d) : d|n} is a partition of {1, 2, . . . , n − 1}. Moreover, Gn(d) ⊂ Mn(d), and
Mn(g) ⊂ Mn(f ) if f |g|n.
Lemma 4.2. If n = dg for some d, g ∈ Z then Mn(d) =⋃h|g Gn(hd).
Proof. Note that Gn(hd) ⊂ Mn(hd) ⊂ Mn(d) for any h|g, hence ⋃h|g Gn(hd) ⊂ Mn(d). On the other hand, if
x ∈ Mn(d) then d|x. Since d|n, we have d| gcd(x, n) = k, and so k = dh for some h. Now k|n implies that n = ks for
some s. Hence dg = n = ks = dhs, and so g = hs i.e. h|g. Consequently, x ∈ Gn(k) = Gn(hd) where h|g. 
Corollary 4.3. If n = dg for some d, g ∈ Z then Mn(d) = Gn(d) if and only if g is prime.
Proof. By Lemma 4.2, Mn(d)=Gn(d) if and only if⋃h|g Gn(hd)=Gn(d) if and only if the only divisors of g are 1
and g if and only if g is prime. 
Theorem 4.4. Let n>d1 >d2 > · · ·>ds = 1 be all proper divisors of n. If xn = 1 then ∑k∈Gn(di ) xk ∈ Z for i =
1, 2, . . . , s.
Proof. For i = 1, since d1 is the largest proper factor of n, n/d1 is prime. Hence,∑k∈Gn(d1) xk =∑k∈Mn(d1) xk ∈ Z
by Corollary 4.3 and Lemma 4.1, respectively.
Assume that
∑
k∈Gn(d1) x
k, . . . ,
∑
k∈Gn(di ) x
k ∈ Z for some 1 i < s. We like to show that ∑k∈Gn(di+1) xk is an
integer. Since n = di+1gi+1 for some gi+1 ∈ Z, Lemma 4.2 implies that Mn(di+1) =⋃h|gi+1 Gn(hdi+1). Note that
hdi+1 is also a proper divisor of n. If h> 1 then hdi+1 = dj for some j < i + 1 and so ∑k∈Gn(hdi+1) xk ∈ Z by
assumption. Since Gn(hdi+1)’s are disjoint for different h, we have
∑
k∈Mn(di+1)
xk =
∑
k∈Gn(di+1)
xk +
∑
h|gi+1,h>1
⎡
⎣ ∑
k∈Gn(hdi+1)
xk
⎤
⎦
.
Consequently,
∑
k∈Gn(di+1)
xk =
∑
k∈Mn(di+1)
xk −
∑
h|gi+1,h>1
⎡
⎣ ∑
k∈Gn(hdi+1)
xk
⎤
⎦
is also an integer because of Lemma 4.1 and the assumption. 
Corollary 4.5. Let G be a circulant graph on n vertices with symbol S(G). If S(G) is a union of some Gn(d) where
d|n and d <n then G is an integral circulant graph.
5. Ramanujan sums
Given n2, the Ramanujan sums are deﬁned as
Rn(t) =
∑
j∈Gn(1)
(t )j ,
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where  = e2i/n and t ∈ Z. Note that Rn(0) = |Gn(1)| = (n), the Euler function and Rn(1) = (n), the Mobius
function. With the convention gcd(0, n) = n and (1) = 1 = (1), this last result is a special case of the following
formula due to Ramanujan [10]:
Rn(t) =
∑
r| gcd(t,n)
r
(n
r
)
= (n)
 (n/ gcd(t, n))

(
n
gcd(t, n)
)
∈ Z.
Using Ramanujan sums, we can explicitly compute the spectra of those integral circulant graphs found in Section 4.
Theorem 5.1. Let G be a circulant graph on n vertices with symbol S(G) = Gn(d) where d is a proper divisor of n.
Then
t (G) = Rn/d(t) for 1 tn − 1.
Consequently, sp(G) is equal to d copies of (Rn/d(0), Rn/d(1), . . . , Rn/d((n/d) − 1)).
Proof. Recall that Gn(d) = dGn/d(1). Hence, for 1 tn − 1,
t (G) =
∑
k∈Gn(d)
(t )k =
∑
k∈dGn/d (1)
(t )k
=
∑
j∈Gn/d (1)
(t )dj =
∑
j∈Gn/d (1)
((d)t )j =
∑
j∈Gn/d (1)
(t )j
= Rn/d(t),
where = d = e2id/n = e2i/(n/d). 
6. Rational sum of roots of unity
For a ﬁxed n2, let d|n and d <n. Denote vd the (n − 1)-vector with 1 at the jth entry for all j ∈ Gn(d), and 0
elsewhere. Let F be an (n − 1) × (n − 1) matrix deﬁned by Fst = st , where  = e2i/n. Note that F is invertible
and Fvd = [Rn/d(1), . . . , Rn/d(n − 1)]T ∈ Zn−1. It follows that vd ∈A, whereA= {v ∈ Qn−1 : Fv ∈ Qn−1}. It is
obvious thatA is a vector space over Q.
Lemma 6.1. If v ∈A then Fv ∈ span{vd : d|n, d <n}.
Proof. Denote v=[v1v2 . . . vn−1]T, and let u=Fv=[u1u2 . . . un−1]T. It sufﬁces to prove that us =ut for gcd(s, n)=
gcd(t, n). To this end, let d = gcd(s, n)= gcd(t, n), and so gcd((s/d), (n/d))= gcd((t/d), (n/d))= 1. Hence s and
t are primitive roots of unity for n/d . From the hypothesis, us =∑n−1j=1 vjsj ∈ Q, hence s is a root of the rational
polynomial p(x) =∑n−1j=1 vjxj − us . Therefore, p(x) is a multiple of the irreducible polynomial n/d(x), and so t
is also a root of p(x), i.e. us =∑n−1j=1 vjtj , which is equal to ut . 
Theorem 6.2. A= span{vd : d|n, d <n}.
Proof. By Lemma 6.1,
F(A) ⊂ span{vd : d|n, d <n} ⊂A.
Since F is invertible, dim F(A) = dimA. Consequently,
F(A) = span{vd : d|n, d <n} =A. 
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It follows that {vd : d|n, d <n} is a spanning set ofA. Moreover {vd : d|n, d <n} is a linearly independent set
inA since Gn(d)’s are disjoint. Hence we have
Corollary 6.3. {vd : d|n, d <n} is a basis of the vector spaceA.
7. Characterization of integral circulant graphs
Theorem 7.1. Let G be a circulant graph on n vertices with symbol S(G). Then G is integral if and only if S(G) is a
union of the Gn(d)’s.
Proof. The sufﬁciency is provided by Corollary 4.5. For the necessity, we consider the (n−1)-vector vwith 1 at the jth
entry for j ∈ S(G) and 0 elsewhere. Since G is an integral circulant graph, Fv = [1(G)2(G) . . . n−1(G)]T ∈ Zn−1
and so v ∈A. By Theorem 6.2,
v =
∑
d|n,d<n
cdvd ,
for some rational coefﬁcients cd ’s. Since v and vd ’s are (0, 1)-vectors, cd is either 0 or 1. Consequently, S(G) is a union
of Gn(d) for those cd = 1. 
Corollary 7.2. Let (n) be the number of divisors of n. Then there are at most 2(n)−1 integral circulant graphs on n
vertices.
Proof. There are (n) − 1 proper divisors of n, and so there are these many sets of Gn(d). Hence, by Theorem 6.2,
there are 2(n)−1 distinct symbols for integral circulant graphs. Since distinct symbols may correspond to isomorphic
circulant graphs, there are at most 2(n)−1 integral circulant graphs on n vertices. 
In Section 3, we mentioned that two different symbols may correspond to isomorphic circulant graphs and so same
spectra. However, using the formula in Section 6, the spectra of integral circulant graphs on less than 100 vertices
with all possible symbols are computed and it turns out that no two spectra are the same. Therefore, we propose the
following.
Conjecture 7.3. LetG1 andG2 be integral circulantmatriceswith symbols S(G1) and S(G2), respectively. If S(G1) =
S(G2) then sp(G1) = sp(G2), hence G1 and G2 are not isomorphic.
According to Conjecture 7.3, there are exactly 2(n)−1 non-isomorphic integral circulant graphs on n vertices. To
provide more details for the above conjecture, we observe that |S(G)| is the maximum eigenvalue of the integral
circulant graph G. If |S(G1)| = |S(G2)|, then sp(G1) = sp(G2). Now, if n = pr where p is a prime, then the proper
factors of n are 1, p, p2, . . . , pr−1 and so the sizes of Gn(d) are (p − 1)pr−2, (p − 1)pr−3, . . . , (p − 1)p, (p − 1),
respectively. Consequently, all symbols of integral circulant graphs on pr vertices are of different sizes. It follows that
Conjecture 7.3 is true for n being a power of a prime. Similar argument also works for the case when n is a product of
two distinct primes.
Remark. As noted by one of the referees, the results in Lemma 4.1 and Theorem 4.4 can also be proved more elegantly
using standard results of primitive roots of unity. Indeed, Theorem 4.4 is a trivial consequence of Theorem 5.1. The
inclusion of Section 4 is only to reﬂect the discovery process.
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